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The Origin of the Kink Phenomenon of Transistor
Scattering ParameterS22

Shey-Shi Lu, Senior Member, IEEE, Chinchun Meng, To-Wei Chen, and Hsiao-Chin Chen

Abstract—A novel theory based on dual-feedback circuit
methodology is proposed to explain the kink phenomenon of
transistor scattering parameter 22. Our results show that the
output impedance of all transistors intrinsically shows a series
RC circuit at low frequencies and a parallel RC circuit at high
frequencies. It is this inherent ambivalent characteristic of the
output impedance that causes the appearance of kink phenomenon
of 22 in a Smith chart. It was found that an increase of transistor
transconductance enhances the kink effect while an increase of
drain-to-source (or collector-to-emitter) capacitance obscures it.
This explains why it is much easier to see the kink phenomenon in
bipolar transistors, especially heterojunction bipolar transitors,
rather than in field-effect transistors (FETs). It also explains why
the kink phenomenon is seen in larger size FETs and not in smaller
size FETs. Our model not only can predict the behavior of 22,
but also calculate all -parameters accurately. Experimental data
of submicrometer gate Si MOSFETs and GaAs FETs are used
to verify our theory. A simple method for extracting transistor
equivalent-circuit parameters from measured -parameters is
also proposed based on our theory. Compared with traditional -
or -parameter methods, our theory shows another advantage of
giving deep insight into the physical meaning of -parameters.

Index Terms—BJT, FET, HBT, kink phenomenon, MOSFET,
-parameters.

I. INTRODUCTION

T RANSISTOR scattering parameters (-parameters) have
been used extensively in active microwave circuit design.

However, some behaviors of transistor-parameters are still not
fully understood. For example, the kink phenomenon of the scat-
tering parameter in a Smith chart, such as shown in Fig. 1
[1], has been a puzzle for a long time. This is because it was
thought that should roughly follow a constant conductance
circle in the Smith chart instead of the shape, as shown in Fig. 1.
Furthermore, it is strange that this kink phenomenon is invisible
when the device size of an FET is small, but only becomes ap-
parent in a large device. In addition, this kink effect is much
more frequently seen in bipolar transistors, especially hetero-
junction bipolar transistors (HBTs), as compared with FETs.
Traditionally, transistor -parameters are mostly understood in
terms of - or -parameters. These- or -parameters, though
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Fig. 1. Kink phenomenon ofS of an HBT observed in a Smith chart.

very useful in calculating -parameters, cannot provide insight
into the behavior or physical meaning of the-parameters. For
instance, it is difficult for - or -parameters to describe the
frequency response of-parameters directly or to explain the
kink behavior of mentioned above.

In this paper, we present a novel theory to explain these
mysterious characteristics by deriving the output impedance (or
admittance) of a transistor under the measurement conditions
of -parameters. In the derivation, the concept of dual feedback
was employed to simplify the circuit analysis. The output
impedance (or admittance) is different from-parameters (or

-parameters) in that it is measured under the condition that the
input and output ports of the transistors are connected with 50
instead of an open or short circuit. By observing the behavior
of the output impedance (or admittance) at both high and low
frequencies, the kink phenomenon can be easily explained. We
have found that the calculated values of for submicrometer
gate GaAs FETs with different gate width by our theory agree
well with the experimental data. To further verify our proposed
method, we have also applied the above-mentioned method to
obtain the other three -parameters, i.e., , , and ,
and compared them with other experimental results of 0.25-m
gate Si MOSFETs. Excellent agreement between theoretical
values and experimental data was found. Our theory has the
advantage of giving insight into the physical meaning of the

-parameters much more easily and clearly.
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Fig. 2. Setup for the measurement of transistorS-parameters. (a) Complete
circuit. (b) Simplified circuit with the local series–series feedback element (R )
absorbed.

II. THEORY

The setup for the measurement of transistor-parameters is
shown in Fig. 2(a), where is connected
to the input and output ports of the device-under-test.and

can be measured by setting and , while
and can be measured by setting and . Let
us consider first. If the expression for the output impedance

of this circuit has been found, then is given by

(1)

This circuit configuration, in general, is too complicated to find
its output impedance. Nevertheless, if this circuit is viewed as
a dual feedback circuit in which is the local series–series
feedback element and is the local shunt–shunt feedback el-
ement, then the problem becomes much more tractable. For sim-
plicity, all the inductors in Fig. 2(a) are temporarily neglected.
We will refer to them in later discussions in Section III. From
local series–series feedback theory [2], the circuit of Fig. 2(a)
can be transformed into that of Fig. 2(b) with some necessary
circuit element modifications as follows:

(2)

(3)

(4)

(5)

(6)

(7)

where and is the dc transcon-
ductance and all the other symbols have their usual meaning.
Except for some minor second-order correction terms, (2)–(7)
are basically the same as those derived by Minasian [3] from a
direct comparison of the -parameters between the circuits of
Fig. 2(a) and Fig. 2(b).

Now the circuit in Fig. 2(b) is much easier to handle. For
the convenience of discussing the origin of kink phenomenon,
we define an “intrinsic output impedance” seen to the
left-hand side of the drain-to-source capacitance (or ).
By intrinsic, we mean that this output impedance does not
include , , and in FETs (or , , and in
bipolar junction transistors (BJTs) or HBTs) and is different
from the normally defined output impedance seen to
the left-hand side of and , as indicated in Fig. 2. The
expression of the intrinsic impedance can easily be obtained
from local shunt–shunt theory [2] and is given by

(8)

where , ,
and . Once this intrinsic output impedance is
known, the normal output impedance is nothing but the parallel
combination of , , and followed by a series com-
bination with as follows:

(9)

Here, the symbol represents parallel combination. From (9),
can be determined according to (1). We will discuss more

about the properties of and in Section III. We now
turn our attention to . According to local shunt–shunt feed-
back theory [2], it can be easily proven that the input impedance

seen to the right-hand side of and (or and )
is given by

(10)
where is the parallel combination of , , and .
In fact, (10) reduces to the impedance of the Miller capacitance
under the special case of negligibly small and sufficiently
large . From (10), can be determined by

(11)
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Fig. 3. Comparison of the experimental and calculatedS-parameters of a
0.25-�m-gate Si MOSFET. Diamonds (�): experimental data, solid line (—):
calculated values by our theory.

where and
is the input impedance seen to the right-hand side of.

As for , the physical meaning of it is twice the voltage gain
. Hence, it can easily be expressed in terms of , ,

, , , , and as follows:

(12)

The physical meaning of , on the other hand, is twice the
reverse voltage gain . It is given as follows by inspecting
Fig. 2(b):

(13)

III. EPERIMENTAL RESULTS AND DISCUSSION

To verify our theory, we have applied (1)–(13) to a 0.25-
m-gate MOSFET [4] in the calculations of its-parameters. The
effect of inductors in Fig. 2(a), which we neglected previously
in Section II, can be easily included by replacing, , and

with , , and , respectively.
Excellent agreement between the calculated values and experi-
mental results is found (Fig. 3). Note that there is no visible kink
phenomenon in Fig. 3 because the device size (10m) of the

Fig. 4. Comparison of the experimental and calculatedS of submicrometer
gate GaAs FETs with different gate width. Diamonds (�): experimental data,
solid line (—) : calculated values by our theory. Gate width:a: 0.5 mm,b: 1 mm,
c: 2 mm,d: 4 mm. Note that the kink phenomenon becomes visible as the gate
width is increased.

FET is too small. The kink effect will gradually become visible
when the device size is increased, as was demonstrated exper-
imentally by Aoki and Hirano [5] in Fig. 4. The reason for the
enhancement will become clear after the following discussion.

In order to explore the origin of the kink phenomenon ob-
served in Fig. 1 for HBTs and in Fig. 4 for FETs, (8) for the
intrinsic output impedance has to be reexamined more closely.
To get more insight into (8), let us assume thatis negligibly
small, which is usually the case. The general behavior of (8) will
not be affected much by neglecting. Under this assumption,
(8) is equal to

(14)

Plugging into (14) and after some simple math-
ematical manipulation, we find that, at high frequencies,

approaches aparallel RC network with conductance
and capac-

itance , while at low frequencies,
it can be approximated by aseries RCnetwork with resistance

and
capacitance , where is the inverse
of . That is, at high frequencies

(15)
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(a) (b)

Fig. 5. Equivalent circuit of the intrinsic output impedance/admittance. (a) At high frequencies: the intrinsic output admittance approaches a parallel RCcircuit.
(b) At low frequencies: the intrinsic output impedance can be approximated by a seriesRCcircuit.

while at low frequencies

(16)

The results of (15) and (16) are very reasonable from the
physical point-of-view and can be qualitatively understood as
follows. Compared with , can be thought
of as an open circuit at very high frequencies. The total capac-
itance is thus the series combination of and , thus, the
current source can be replaced by a conductance determined by
the ratio of the and capacitive voltage divider. There-
fore, the resultant circuit is aparallel RCcircuit, as is illustrated
in Fig. 5(a). On the other hand, at low frequencies, com-
pared with can be treated as open circuit so that is in

series with . It can be easily proven that the final result of
this parallel combination of the dependent current source and
theseries RCcircuit is again a seriesRC circuit, as illustrated
in Fig. 5(b).

The trends predicted by (15) and (16) have been verified
in Fig. 6, where the data points have been calculated from
(14)–(16). As can clearly be seen from Fig. 6, the intrinsic
output impedance indeed follows a constant resistance circle
at low frequencies and then a constant conductance circle at
high frequencies. It is this inherent ambivalent characteristic of
the intrinsic output impedance (or admittance) that causes the
appearance of the kink phenomenon of in a Smith chart.
Also shown in Fig. 6 is the effect of (or ). Basically,

only changes the starting point of on the real axis
from the open-circuit point to a point where the resistance
is equal to approximately . That is, only distorts the
shape of and does not affect the appearance of the kink
phenomenon. Therefore, from now on we will disregard the
effect of . From the above discussion, we also conclude
that the kink phenomenon of is an inherent property inall
transistors and that the kink point or dip point should happen
approximately at the intercept point of the constant resistance
( ) circle and the constant conductance () circle.



LU et al.: ORIGIN OF KINK PHENOMENON OF TRANSISTOR SCATTERING PARAMETER 337

Fig. 6. Kink phenomenon ofS in the Smith chart due to the ambivalent
characteristic of the intrinsic transistor output impedance.R only changes the
starting point ofS and does not affect the appearance of the kink phenomenon.
Circles (
) were calculated by (16) (constant resistance circle) and triangles
(4) were calculated by (16) (constant conductance circle). Both cases agree
well with the solid line (—) calculated by the exact formula (14) at both high
and low enough frequencies, respectively.

Fig. 7. Effect ofg on the kink phenomenon ofS . The kink phenomenon
becomes more pronounced asg is increased because the intercept point of the
constant resistance circle and the constant conductance circle moves to a new
point with smaller resistance and larger conductance.

If (or ) is increased, then from (15) and (16),de-
creases and increases and, hence, the kink point moves to a
new intercept point with smaller and larger , which makes
the kink phenomenon looking more pronounced, as shown in
Fig. 7. This is one reason why it is much easier to see the kink
effect in bipolar transistors than in FETs because bipolar tran-
sistors usually show larger than FETs.

Fig. 8. Effect ofC on the kink phenomenon ofS . The effect ofC is
similar to that ofg .

Fig. 9. Effect ofC on the kink phenomenon ofS . The kink point moves
to a point with larger resistance and smaller conductance.

If (or ) is increased, then again from (15) and (16),
decreases and increases and the effect of on the kink

phenomenon (see Fig. 8) is similar to that of.

On the other hand, increases and decreases as is in-
creased and, thus, the kink point moves to a point closer to the
open circuit point, as shown in Fig. 9.

Next, let us consider how (or ) influences the kink
phenomenon. If the effect of is added to the intrinsic output
impedance (or admittance ), it can be
easily shown that the total admittance seen to the left-hand
side of at high frequencies is still a parallelRCcircuit with
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(a) (b)

Fig. 10. Effect of the addition ofC to the intrinsic output impedance. (a) At high frequencies, the resultant output impedance is still a parallelRCcircuit with
an unchanged conductance and an increased capacitance. (b) At low frequencies, the resultant output impedance is still a seriesRCcircuit, but with an increased
resistance and an increased capacitance.

an unchanged conductance ofand a larger capacitance of
, namely

(17)

On the other hand, the total impedance seen
to the left-hand side of at low frequencies is still a seriesRC
circuit, but with a smaller resistanceequal to

and a larger capacitance equal to , namely

(18)

Both situations are illustrated in Fig. 10(a) and (b), respec-
tively. Consequently, the effect of on the kink point is to
move the prior intercept point to a new position determined by
the unchanged constant conductancecircle and the smaller
constant resistance circle. Therefore, the kink effect becomes
more obscured when is increased, as shown in Fig. 11. This
is another reason why it is much easier to see the kink effect
in bipolar transistors, especially in HBTs, as shown in Fig. 1,
than in FETs because in bipolar transistors is usually much
smaller than in FETs.

We may now apply the previous conclusions to the case of
large-size FETs. Obviously, if the device size of an FET is in-
creased, its increases accordingly, and from previous dis-
cussions, we predict that the kink phenomenon should become
more visible. This is indeed the case, as shown in Fig. 4, where
the size of a submicrometer gate GaAs FET was changed from
0.5 to 4 mm and was calculated by (1)–(9) with all the
extrinsic elements taken into account. Note that the calculated
values we obtained are almost identical with the data published
by Aoki and Hirano [5], which are also shown in Fig. 4. The
calculated values of the other three-parameters ( , ,
and ), though not shown here, were also in good agreement
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Fig. 11. Effect ofC on the kink phenomenon ofS . The kink phenomenon
becomes increasingly obscured asC is increased because the intercept point
of the constant resistance circle and the constant conductance circle moves to a
new intercept point with a smaller resistance and an unchanged conductance.

with the experimental data. The excellent agreement between
the calculated values and experimental data justifies our pro-
posed theory. Although , , and increase with device
size as well, from (15) and (16), their effect onand cancel
each other because they all increase by the same factor. There-
fore, is the dominant factor that changes the position of the
intercept point or kink point.

It is also interesting to note the behavior of at low
frequencies. If the effect of is negligible, then from
(10) becomes a seriesRC circuit with a capacitance

(Miller capacitance) and a resistance
, where .

Therefore, is a parallel combination of two seriesRC
circuits, as shown in Fig. 12. At low frequencies, can be
represented by a seriesRC circuit with a total resistance and
capacitance given by

(19)

Therefore, the input impedance of an FET is
given by

(20)

From (20), should follow a constant resistance circle at
low frequencies which is evident from the experimental data
in Fig. 3. Note the traditional estimated value
[3], [6] of the real part of is a special case of our formula if

is satisfied.
One additional advantage of our theory is that it provides a

handy way to extract the device equivalent circuit parameters

Fig. 12. Equivalent circuit of the input impedance at low frequencies ifC is
negligible.

from the measured -parametersat low frequencies. The ex-
traction procedure of the device parameters is detailed in the fol-
lowing. First, we assume that the parasitic access resistances,

, and can be obtained by other separate measurements.
can easily be read from the starting point of the measured
at low frequency (typically 50 MHz) in the Smith chart, as

was illustrated in Fig. 6. At low frequencies, (13) for can be
approximated by

(21)

Therefore, can easily be determined from the measured
according to (6) and (21). At low frequencies, (12) for ap-
proaches

(22)

From the above expression and (7), can be obtained. From
measured and and , the impedance seen to the
left-hand side of can be calculated. According to (4) and
(18), the value of can be determined by observing how the
imaginary part of varies with frequency. Similarly, from
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TABLE I
COMPARISON BETWEEN THE EXTRACTED VALUES OF THE DEVICE

PARAMETERS OF A0.25-�m-GATE SILICON n-MOSFET

measured , the value of can be obtained according to
(2), (11), (19), and (20). Finally, the value of is determined
from the real part of in (20).

The extracted device equivalent-circuit parameters of a
0.25- m MOSFET [4] according to the above-mentioned
procedure are listed in Table I. The exact values are also listed
in Table I for comparison. As can clearly be seen, the error
percentage is satisfactorily small if we consider how simple
this procedure is. The results of our parameter-extraction
method can provide a good initial guess for further computer
optimization.

IV. CONCLUSIONS

In this paper, a novel theory based on dual-feedback circuit
methodology has been proposed to calculate the transistor-pa-
rameters. The calculated values agree excellently with exper-
imental data. Our model not only calculates the-parameters
accurately, but also explains the origin of the kink phenomenon
of in a Smith chart. The effect of , , , , and
on the kink phenomenon can easily be deduced by our theory.
It is found that the output impedance intrinsically behaves as a
series RCcircuit at low frequencies and as aparallel RCcircuit
at high frequencies. It is this inherent ambivalent characteristic
of the output impedance that causes the kink phenomenon. Tra-
ditional two-port - or -parameters, though being very useful
in calculating -parameters, can hardly explain the behavior of

-parameters or give insight into the physical meaning of the
-parameters. A simple method for extracting transistor equiv-

alent-circuit parameters from measured-parameters has also
been proposed based on our theory.
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